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The ideas of this paper were inspired bythe characterisation of m dular 
subalgebras given by Amayo and Schwarz in [2]. A subalgebra U of a Lie 
algebra L is called rnod~~a$ in L if it is a modular element in the lattice of
subalgebras of L; that is, if 
(U,B)nC=<B,UnC> for all subalgebras B c C, 
and 
<U,B)nC=(BnC,U> for all subalgebras U c C. 
(Here, (X, Y) denotes the subalgebra of L generated by X and Y.) 
Equivalently, U is modular in L if the intervals ((U, A >: U) and 
(A: U n A) are lattice isomorphic for every subalgebra A of L. 
This prompts us to deline the following apparently weaker conditions. 
The subalgebra U of L is called 
(i) upper semi-modular in L (urn. in L) if, whenever B is a sub- 
algebra of L which covers UA B (that is, such that Un B is a maximal 
subalgebra ofB), then (U, B) covers Li; 
(ii) lower semi-modular in L (1.m. in L) if, whenever B is a sub- 
algebra of L such that (U, B) covers U, then B covers U n B; 
(iii) semi-modular in f,(sm. in L) if it is both u.m. and 1.m. in L. 
The purpose of this paper is to study these conditions. It will transpire 
that upper and lower semi-modularity aregenuinely weaker conditions 
than modularity. However, our main result states that, over lields of 
chara~te~stic zero, U is modular in L if and only if it is semi-modular inL. 
Throughout, L will denote afinite-dimensional Lie algebra over a field F. 
If B is a subalgebra ofL, the care of B, written B,, is the largest ideal of L 
contained inB; we shall write C,(B) for (xe L: xB=O), and Z,(B) for 
(X E L: XB c Bf. The symbol u3 will denote an algebra direct sum, whereas 
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i will indicate a direct sum of the vector space structure alone. There will 
be no overall assumptions on the field F: any restrictions on F will be 
specified at the appropriate time. 
1. UPPER SEMI-MODULAR SUBALGEBRAS 
The following lemmas are straightforward exercises. 
LEMMA 1.1. Any modular subalgebra U ofL is u.m. in L. 
LEMMA 1.2. Let U be a subalgebra of L, and let Ibe an ideal ofL con- 
tained inU. Then U is urn. in L if and only if U/I is u.m. in L/I. 
LEMMA 1.3. All maximal subalgebras M ofL are urn. in L. 
It is clear from the above lemma and the results of[l] and [2] that 
there are u.m. subalgebras of L which are not modular in L. 
LEMMA 1.4. Let U be u.m. in L. Then U is covered by(U, x) for all 
XEL-u. 
LEMMA 1.5. Let U be u.m. in L. Then Z,(U) = U or L. 
Proof. This follows from Lemma 1.4 in the same way as does Lem- 
ma 1.5(b) of [2]. 
We can now determine the urn. subalgebras of semisimple Lie algebras 
over fields ofcharacteristic zero as follows. 
THEOREM 1.6. Let L be a semisimple Li algebra over a field F of 
characteristic zero, and let U be u.m. in L. Then either U is an ideal ofL or 
U is maximal in L. 
Proof. Let L = S, @ .‘. 0 S, where Si is a simple ideal of L for 
1~ i Q n. Choose u E U to have as many non-zero projections to the sim- 
ple components of L as possible. Suppose that u has non-zero projections 
onto S, ,..., S,.Then it is straightforward to check that U c S, 0 . . . 0 S,. 
Suppose that U is not an ideal of L. Then IL(U) = U (Lemma 1.5) and so 
r = n. Moreover, there is an element y E L such that (u, y) = L [4, 
Theorem 51, and U is covered by L (Lemma 1.4). 
The following result was proved in [S, Lemma 2.23. 
LEMMA 1.7. Let U be u.m. in L and let Ibe an ideal of L such that 
U c I # L. Then U is an ideal ofL. 
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2. LOWER SEMI-MODULAR SUBALGEBRAS 
LEMMA 2.1. Any modular subalgebra U ofL is 1.m. in L. 
LEMMA 2.2. Let U be a subalgebra of L, and let Ibe an ideal of L con- 
tained inU. Then U is 1.m. in L if and only tf U/I is 1.m. in L/I. 
THEOREM 2.3. Let M be a maximal subalgebra of L.Then the following 
are quivalent. 
(i) M is 1.m. in L. 
(ii) Mn B is covered byB for every subalgebra B of L such that 
B d M. 
(iii) M is modular inL. 
Proof (i) implies (ii): Suppose that M is 1.m. in L and that B is a sub- 
algebra of L such that B d M. Then (M, B) = L, which covers M, and so 
B covers Mn B. 
(ii) implies (iii): [6, Lemma 11. 
(iii) mplies (i): Lemma 2.1. 
It is clear from the results of[3] that there are 1.m. subalgebras ofL 
which are not modular in L. In particular, if L is supersolvable th n every 
subalgebra ofL is 1.m. in L. 
3. SEMI-MODULAR SUBALGEBRAS 
THEOREM 3.1. Let U be sm. in L, and let A be a supersolvable su gebra 
of L. Then U n A is aquasi-ideal of A. 
Proof Let V be a subspace of A, and pick any v E V- U n A. Then 
v$ U, and so U is covered by (U, v) = W (Lemma 1.3). Hence 
( U, Wn A ) covers U, which implies that W n A covers Un W n A = 
U n A. Since A is supersolvable, we have Wn A = U n A + (v). Thus, 
(UnA,v)=UnA+(v),whenceitfollowsthat V(UnAA)cUnA+V. 
COROLLARY 3.2. Let U be s.m. in L, and let N be a nilpotent subalgebra 
of L. Then U n N is an ideal ofN. 
Proof: This follows from Lemma 3.4 of [ 11. 
LEMMA 3.3. Let 0 # U be s.m. in L, and let N be an ideal ofL such that 
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U n N = 0. Then un = A,n for all uE U, n E N, and either N is abelian or else 
UC C,(N). 
Moreover, if U n C,(N) = 0 then U = (U ) where un = n for all n E N. 
Proof: Let n E N. Then W= ( U, n) covers U. It follows that 
( U, W n N) covers U, and thus that W n N covers Un Wn N = 0. Hence 
Wn N = (n), which implies that un = 12u,nn for all u E U, n E N (where 
h,,, E F). 
Suppose that n,, n2 are linearly independent elements of N. Then 
We conclude that un = A,n for all uE U, n E N (where A,, E F). 
Suppose now that there xist n,, n2E N such that nln2 #O. Then, for 
each u E U, 
0 = u(nln2) + nl(n2u) + n2(unl) 
= I,n,n, - Aun,n2 + Aun,n2, 
giving 1, = 0. Hence UN = 0; that is, Uc C,(N). 
Finally, suppose that U n C,(N) = 0 and that ul, u2 are any two 
elements of U. Then A,,, A,, # 0; put a = &,A;‘. Now (ul - CIUJ n = 
(A,, - Cm,) n = 0, so u, - a+ E U n C,(N) = 0. Thus U = (u, ). Writing 
u=Iz;lu,, we have un=n for all neN. 
THEOREM 3.4. Let L = N + U where N is the nilradical of L and 0 # U is 
core-free ands.m. in L. Then N is abelian, U = (u) and ad u 1 N is the iden- 
tity map on N. 
ProoJ: It is clear that U n N is an ideal of U. But U n N is an ideal of 
N, by Corollary 3.2, so U n N is an ideal of L. Since U is core-free, 
U n N = 0 and U n C,(N) = 0. The result is thus a consequence of 
Lemma 3.3. 
COROLLARY 3.5. Let L be a Lie algebra with nilpotent derived algebra, 
and let 0# U be core-free ands.m. in L. Then L is as described in 
Theorem 3.4 above. 
Proof: Clearly L2 + U is an ideal of L containing U.It follows from 
Lemma 1.7 that L= L2 + U, and hence that he hypotheses ofTheorem 3.4 
are satisfied. 
We are now in a position tostate and prove the main result. 
THEOREM 3.6. Let L be a Lie algebra over afield ofcharacteristic zero 
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and let U be a subalgebra of L. Then U is s.m. in L if and only if U is 
modular in L. 
ProoJ If U is modular in L then U is sm. by Lemma 1.1 and 
Lemma 2.1. 
So suppose that U is s.m. in L. It is straightforward to check that the 
analogue of Lemmas 1.2 and 2.2 for modular subalgebras holds. We may as 
well assume, therefore, that U is non-zero and core-free. It suffices to how 
that L is solvable or semisimple, since Corollary 3.5, Theorem 1.6 and 
Theorem 2.3 then complete the proof. 
Let L = R i S, where 0 # R is the radical ofL and S is a semisimple 
subalgebra ofL; we seek to derive a contradiction. De ote the nilradical of 
L by N, and let S=S,O ... OS,,, where Si is a simple ideal of S for 
l<i<n. As in Corollary3.5, L=L2+U. But L2=R2+RS+S2cN+S, 
so L=N+U+S. 
Suppose that every element of U has zero projection S,. Then 
UC R i S,@ .” OS,-,, which implies that U is an ideal of L 
(Lemma 1.7). Itfollows that here is an element of U with non-zero projec- 
tion on S,. A similar argument applies with S, replaced by Si for any 
1 < i Q n. It is easy to see, therefore, that here is an element 
n, +s, + ... +s,EU, where n,EN and O#si~Sj (ldidn). 
Now we can find an element yE S such that ( y, s1 + . . . + s,) = S [4, 
Theorem 51. Then T= (U, y> covers U (Lemma 1.3). But U+ Tn N is a 
subalgebra ofT containing U,so either U + T A N = T or U + T n N = U. 
Let s be any element of S. Then s~(y,sr+ ... +s,)c 
(y, n, +s, + ... +s,)+NcT+N, so ScT+N. 
If U+TnN=T then ScT+N=U+N, and so L=U+N. But 
Theorem 3.4 now implies that L is solvable, contrary to our initial 
assumption. Thus U+ Tn N= U, giving TnNc UnN and L= N+ T, 
Furthermore, L(UnN)=(N+T)(UnN)cTnNcUnN,so UnNisan 
ideal of L. Hence U n N = 0 and we have established that L= (N i U) + S. 
Also, Lemma 3.3 implies that N is abelian and that un = I,n for all u E U, 
neN. 
Now T(TnR)cTnL2nRcTnN=0. Thus &,#O for all uEUnR; 
otherwise, (u)would be an ideal of L. Suppose that U n R # 0 and choose 
uEUnR. Then V=(n+y, U> covers U. But u(n+y)=&,n, so 
V = (n ) + ( y, U) = (n ) + T, contradicting thefact that T covers U. 
Hence U n R = 0. It follows from Lemma 3.3 that R is abelian, and thus 
that R= N. 
We have now shown that L = N i T, and that T is semisimple and 
covers U. Put C= C,(N), and suppose that Cn U # 0. Then Tn C is an 
idealofL,soTnC~U.ThusT=U+CnT.SinceUnCisnotanideal 
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of L, there is an element zE C n T such that z( U n C) Ct U n C. Choose 
uEUnCsuchthatzu$UnC,andlet W=(n+z,U),wherenEN.Then 
zu = (n + z) u E W, and so zu E W - U. Hence T = (zu, U> c W. However, 
this implies that n E W, contradicting thefact hat W covers U. Thus, 
Cn U=O. 
It now follows from Lemma 3.3 that U = (u ), where un = n for all nE N. 
As U is maximal in T, we must conclude that T is three dimensional nd 
simple. 
Let x E T be linearly independent ofu. Then 
0 = n(ux) + u(xn) + x(m) 
= n(ux) +xn - xn. 
so (ux) n= 0 for all nE N, that is, ux E C. But T is simple, so C n T = 0 or 
T c C. The latter implies that un = O-a contradiction. He ce ux = 0, and 
(u, x) is a two-dimensional subalgebra ofT containing U.This, however, 
contradicts thefact hat T covers U, and the theorem is established. 
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